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Abstract
This paper presents, entirely within the scope of the GUM Supplement 1, a rigorous treatment
of the comparison loss in the microwave power meter calibration problem. The treatment is
made for especially selected cases with feasible uncertainty values for the instruments. The
resulting modelling function, without any simplification, is treated with the GUM
Supplement 1 proposed propagation of distributions approach and with the law of propagation
of uncertainties approach. Monte Carlo simulations (MCSs), performed with one billion trials,
make possible a precise determination of the output statistical values. As expected for actual
physical problems, output PDFs are continuous for all cases with meaningful physical
parameters. Results show that the estimates provided by the law of propagation of
uncertainties are shifted by a positive amount in relation to the estimates provided by MCS.
The standard uncertainty values obtained with the law of propagation of uncertainties with
terms up to second order are coincident with the values provided by MCS within 3 parts in
105. The law of distribution of uncertainties is not validated for the treatment of this problem.

1. Introduction

The treatment of the model of comparison loss in microwave
power meter calibration used in GUM Supplement 1 [1]
(draft—in the following referred to as GUMS1) is a simple
and good example that contrasts the potentialities of the
propagation of distributions method, specifically Monte
Carlo simulation (MCS), to the difficulties presented by the
propagation of uncertainty method using the Taylor series
expansion for non-linear models, even in a situation in
which the modelling function presents a moderately non-linear
character. But oversimplification of the problem as realized
in GUMS1 reduces too much of its physical essence, clear
evidence of this being the discontinuity at the limit value
y = 1 of the output PDF provided by MCS (figures 13 and
14 in [1]). GUMS1 treatment, because of its simplicity, ends
up only as a mathematical curiosity, although the authors
have remembered that ‘The values x1 = x2 = 0 lie in the
center of the region of interest to the electrical engineer and
thus in no sense constitute an “extreme case” in practice’.

But ‘extreme case’ does not concern the proper values of the
reflection parameters xi ; it is rather rooted in the implicit
assumption about the uncertainties (both real and imaginary
parts) associated with the standard power meter and the signal
generator. The simplified model used by GUMS1 makes them
zero, i.e. us = ut = ug = uh = 0 in the notation used in the
present work.

In this work we present a more rigorous and complete
treatment of the same problem, considering more realistic
magnitudes for the reflection coefficients of the instruments
and their associated uncertainties, using three approaches:
the law of propagation of uncertainties (LPU1 for linear
terms only and LPU2 for terms up to second order) and the
MCS. The treatment of the complete problem, without the
model’s oversimplification made in GUMS1, has two principal
pedagogic objectives: first is to show, in some realistic and
interesting situations, the ease and straightforwardness of
the treatment using the MCS compared with the hard and
monotonous work required by the propagation of uncertainties;
second is to show the poor results obtained with the
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law of propagation of uncertainties approach, especially
using the linear approximation. A predictable consequence
of using the complete model and physical values for the
uncertainties of the reflection parameters is that any positive
value of y becomes feasible for the output (if the waveguide
junctions are passive networks). Furthermore, cases with
us = ut = ug = uh = 0 may be taken as particular limit-cases.

2. The modelling function

The comparison loss problem refers to different signal
attenuations obtained due to different reflection properties of
two different power meters connected in turn to the same
signal generator. Due to the different power meters’ reflection
properties, the power absorbed by these instruments will in
general differ by some amount. The related concepts are
largely used in the calibration of a power meter M′ through the
determination of the ratio y between the self-absorbed power
(PM′ ) and the power absorbed (PS′ ) by a standard power meter
S′ when they are connected in turn to a stable signal generator
G′. This ratio is given [2, 3] by

Y = PM′

PS′
= 1 − |�M′ |2

1 − |�S′ |2 · |1 − �S′�G′ |2
|1 − �M′�G′ |2 , (1)

where the complex reflection coefficients are

�M′ = M + iN,

�S′ = S + iT ,

�G′ = G + iH,

with i = √−1. The real quantitiesM , N , S, T , G andH are the
real and imaginary components of the reflection coefficients of
the respective instruments. Formula (1) may be expanded as

Y = 1 − M2 − N2

1 − S2 − T 2

× 1 + 2(T H − SG) + (S2 + T 2)(G2 + H 2)

1 + 2(NH − MG) + (M2 + N2)(G2 + H 2)
. (2)

The uncertainty evaluation for this model will be made using
LPU1, LPU2 and MCS treatments. We will treat several
interesting cases, considering different sets of estimates (m, n,
s, t , g, h) for the reflection parameters and their respective
uncertainties um, un, us , ut , ug , uh, including the simplest
cases treated in GUMS1 where the standard meter and the
signal generator are made reflectionless: �S′ = �G′ = 0.

Following the GUMS1 we have considered no correlation
between the quantities (M , N , S, T , G, H ). Then, according
to GUM 5.1.2 [4], the variance u2(y) is given, keeping second
order terms, by

u2(y) =
6∑

i=1

(
∂Y

∂Xi

)2

u2(xi)

+
6∑

i=1

6∑
j=1

1

2

(
∂2Y

∂Xi∂Xj

)2

u2(xi)u
2(xj ), (3)

with X1 = M , X2 = N , X3 = S, X4 = T , X5 = G, X6 = H ,
and the derivatives are to be evaluated at x1 = m, x2 = n,
x3 = s, x4 = t , x5 = g, x6 = h.

The uncertainty u(y) is the positive square root of the
variance. For the LPU1 model, only the terms of the first
summation in formula (3) are used.

Expanding equation (3) we get 36 partial derivatives of
second order. As y and its partial derivatives are continuous
functions in all sets of parametric values considered, the second
cross partial derivatives of y with respect to Xi and Xj are
equal to the derivatives with respect to Xj and Xi (that is,
∂Y/∂Xi∂Xj = ∂Y/∂Xj∂Xi , for i, j = 1, . . . , 6). Then, for
the LPU2 model we have to calculate six partial derivatives of
first order and 21 partial derivatives of second order.

As an example of the calculation procedure we give below
the first and the second partial derivatives of Y with respect to
the parameter M , evaluated at X = x:
∂

∂M
Y

=
−2m

[
1 + 2(th − sg) + (s2 + t2)(g2 + h2)

]
(1 − s2 − t2)

[
1 + 2(nh − mg) + (m2 + n2)(g2 + h2)

]

+
2 · (m2 + n2 − 1)

[
1 + 2(th − sg) + (s2 + t2)(g2 + h2)

][
m(g2 + h2) − g

]
(1 − s2 − t2)

[
1 + 2(nh − mg) + (m2 + n2)(g2 + h2)

]2
,

(4)

and
∂2

∂M2
Y

=
−2

[
1 + 2(th − sg) + (s2 + t2) · (g2 + h2)

]
(1 − s2 − t2) ·

[
1 + 2(nh − mg) + (m2 + n2) · (g2 + h2)

]

+
8m

[
1 + 2(th − sg) + (s2 + t2) · (g2 + h2)][m(g2 + h2) − g

]
(1 − s2 − t2) ·

[
1 + 2(nh − mg) + (m2 + n2) · (g2 + h2)

]2

+
4(1 − m2 − n2)

[
1 + 2(th − sg) + (s2 + t2)(g2 + h2)

][
m(g2 + h2) − g

]2

(1 − s2 − t2)
[
1 + 2(nh − mg) + (m2 + n2)(g2 + h2)

]3

+
2(m2 + n2 − 1)

[
1 + 2(th − sg) + (s2 + t2)(g2 + h2)

]
(g2 + h2)

(1 − s2 − t2)
[
1 + 2(nh − mg) + (m2 + n2)(g2 + h2)

]2
. (5)

3. Calculation

3.1. Choosing the parameters and uncertainties

We have considered several cases concerning the calibration
of a power meter. The choice of the cases obeyed at least one
of the following conditions:

– The same case was treated in GUMS1.
– The standard meter is a better instrument than the power

meter, thus its real and imaginary reflection parameters are
equal to or smaller than those of the power meter under
calibration.

– The uncertainties of the standard meter parameters are
at least three times smaller than the uncertainties of the
power meter parameters.

– The signal generator’s reflection parameters are equal to
or smaller than that of the standard.

242 Metrologia, 45 (2008) 241–248



Comparison loss in microwave power meter calibration

Table 1. Cases treated in this work for the comparison loss in power meter calibration. The reflection parameters’ values and their
respective uncertainties are presented for each case.

Input quantities—values

Power meter Standard Generator

Cases Quantity m n s t g h

1 Refl. param. 0 0 0 0 0 0
1a Standard unc. 0.005 0.005 0 0 0 0
1b Standard unc. 0.005 0.005 0.0015 0.0015 0.0015 0.0015

2 Refl. param. 0.01 0 0 0 0 0
2a Standard unc. 0.005 0.005 0 0 0 0
2b Standard unc. 0.005 0.005 0.0015 0.0015 0.0015 0.0015

3 Refl. param. 0.05 0 0 0 0 0
3a Standard unc. 0.005 0.005 0 0 0 0
3b Standard unc. 0.005 0.005 0.0015 0.0015 0.0015 0.0015

4 Refl. param. 0.01 0.01 0.003 0.003 0.003 0.003
Standard unc. 0.005 0.005 0.0015 0.0015 0.0015 0.0015

5 Refl. param. 0.006 0.006 0.002 0.002 0.001 0.001
Standard unc. 0.006 0.006 0.002 0.002 0.001 0.001

The cases treated here are listed in table 1. Those named
1, 2 and 3 are the same cases treated in GUMS1, but for
those labelled ‘b’ the uncertainties of the standard and of the
generator are not zero. For cases 4 and 5 we chose reasonable
reflection parameters for the instruments. In case 4 the signal
generator and the standard have comparable accuracy, always
better than the power meter, and in case 5 the signal generator
has greater accuracy. We assign Gaussian probability density
functions with estimates (m, n, s, t , g and h) and standard
uncertainties (um, un, us , ut , ug and uh), respectively, to the
reflection parameters M , N , S, T , G and H .

3.2. Propagation of uncertainties—linear (LPU1) and
second order (LPU2)—approaches

Output quantity estimates are, in each case, obtained by the
evaluation of formula (2) using the respective input estimates.

The 27 (or only six, for LPU1) partial derivatives are to be
evaluated for each set of parameter values listed in table 1: case
1 (m1, n1, s1, t1, g1, h1), case 2 (m2, n2, s2, t2, g2, h2) and so on.
As an example we present, in table 2, the sensitivity coefficients
for the propagation of uncertainties and a full calculation for
case 5.

3.3. Propagation of distribution model—Monte Carlo
simulation

The histogram corresponding to the PDF of the output results
was constructed with 109 random trials that were performed
by accumulation of the data from 2000 single simulations with
5×105 trials each. Simulations were made by direct evaluation
of the modelling function (formula (1)) using a graphical
programming language (LabView), due to availability and
ease of programming. Of course, the results are the same
when evaluated using formula (2). To the input quantities are
assigned, in all cases, Gaussian PDFs N(xi , u(xi)).

The histograms were constructed with a number of
intervals ranging between 1000 and 2500, depending on the
case, each with width ranging between 2×10−6 and 8×10−6,
and the extreme values were chosen to enclose the totality
of the output values. The probability density functions g(η)

were obtained by normalization of the histograms. The
distribution functions G(η) are then obtained from the PDFs
by integration. The MCS statistical parameters (estimate and
standard deviation) were obtained, for each case, directly
from the associated output PDF. Alternatively, they were
obtained taking the respective mean of the estimates and
of the standard deviation of 2000 simulations with 5 × 105

trials each, but there is no detectable difference between
the two methods. The endpoints, ylow and yhigh, of the
coverage interval were obtained by independent interpolation
of third order polynomial functions, on both sides of the
distribution function, in the neighbourhood of 2.5% and
97.5%, respectively. These values are used to form the
probabilistically symmetric coverage intervals (or central
intervals [8]) I95%[ylow, yhigh] for the output quantity Y . For
each case studied, an exploratory simulation was made using
5 × 105 trials to facilitate the choice of the region in which
the PDF would be built, in a way that all points lay inside the
histogram.

If a comparison between the results of the present work and
those of GUMS1 is performed, it must be recalled that GUMS1
has supposedly calculated the shortest coverage intervals, as
presented in figures 13 and 14 in [1]. In figure 15 of GUMS1 [1]
it is not clear what type of interval was used, but as the referred
PDF is reasonably symmetric, this does not matter3.

The huge number of trials (109) used in this work was
reached trying to find an upper practical computational limit,

3 The final version [9] of the GUM Supplement 1 was published in December
2007 by the Joint Committee for Guides in Metrology of BIPM. The results
are now graphically presented in terms of δY = 1 − Y , instead of Y , as in [1].
We think that, for comparison purposes, presentation of results in terms of Y ,
as in figures 1–5, is more elucidative.
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Table 2. Uncertainty calculation for case 5: m = n = 0.006; s = t = 0.002; g = h = 0.001; um = un = 0.006; us = ut = 0.002;
ug = uh = 0.001. Ai = [∂Y/∂i]2 · u2

i , Aij = [(∂Y/∂ij)2 + (∂Y/∂ji)2] · u2
i · u2

j .

Case 5 Derivative Uncertainty Uncertainty 1st order terms 2nd order terms
Parameters i, j ∂Y/∂i or ∂Y/∂i∂j ui uj Ai

1
2 Aij

m −0.010 0.006 0.006 3.60 × 10−9

n −0.014 0.006 0.006 7.06 × 10−9

s 2.00 × 10−3 0.002 0.002 1.60 × 10−11

t 6.00 × 10−3 0.002 0.002 1.44 × 10−10

g 8.00 × 10−3 0.001 0.001 6.40 × 10−11

h −8.00 × 10−3 0.001 0.001 6.40 × 10−11

mm −2.0001 0.006 0.006 5.18 × 10−9

nn −2.0000 0.006 0.006 5.18 × 10−9

ss 1.9999 0.002 0.002 6.40 × 10−11

t t 1.9999 0.002 0.002 6.40 × 10−11

gg 6.40 × 10−5 0.001 0.001 4.09 × 10−21

hh 6.40 × 10−5 0.001 0.001 4.10 × 10−21

mn −8.00 × 10−6 0.006 0.006 1.66 × 10−19

ms −2.00 × 10−5 0.006 0.002 1.15 × 10−19

mt −6.00 × 10−5 0.006 0.002 1.04 × 10−18

mg 1.9998 0.006 0.001 2.88 × 10−10

mh 3.20 × 10−5 0.006 0.001 7.38 × 10−20

ns −2.80 × 10−5 0.006 0.002 2.26 × 10−19

nt −8.40 × 10−5 0.006 0.002 2.03 × 10−18

ng −1.60 × 10−4 0.006 0.001 1.84 × 10−18

nh −1.9998 0.006 0.001 2.88 × 10−10

st 3.20 × 10−5 0.002 0.002 3.28 × 10−20

sg −1.9999 0.002 0.001 3.20 × 10−11

sh −5.76 × 10−10 0.002 0.001 2.65 × 10−30

tg 6.40 × 10−5 0.002 0.001 3.28 × 10−20

th 1.9998 0.002 0.001 3.20 × 10−11

gh −1.92 × 10−4 0.001 0.001 7.37 × 10−20

Summation 1.09 × 10−8 5.57 × 10−9

LPU1 LPU2

u(y) 1.046 × 10−4 1.285 × 10−4

using an available commercial PC. A single histogram took
about 8–10 h to perform, a feasible task if one can afford
the time.

4. Results

A summary of the numerical results of the calculations can
be seen in table 3. Values are given with an excess number
of digits only to emphasize the extreme precision of the
Monte Carlo method when performed with a large number
of trials. Figures 1 and 2 present graphical comparisons of the
results provided by MCS for cases 1a and 1b, and 2a and 2b,
respectively. Figures 3 and 4 present graphical comparisons
of the results provided by MCS and LPU2 for case 3b and case
4. Figure 5 presents a comparison of the results provided by
MCS and the law of propagation of uncertainties, LPU1 and
LPU2, for case 5.

5. Comparison of the results and discussion

Small differences between MCS results reported in this work
and the corresponding results reported in GUMS1, specifically
for cases 1a, 2a and 3a, are due to the use of a greater number
of trials (104 times greater) and not to the use of the simplified

model in GUMS1. It must be noted, in figures 1–5, that the
PDFs obtained from MCS for all cases ‘b’ and for cases 4 and
5, in which all uncertainties have meaningful physical values,
extend along the x-axis with no limitations. All output values
for case 3b are smaller than unity due to the relatively high
value of the power meter’s reflection parameter. The results
obtained from the law of propagation of uncertainties for all
cases b and cases 4 and 5, in spite of being not so good in
comparison with those obtained from MCS, are still feasible
values.

The law of propagation of uncertainties using only linear
terms (LPU1) presents very poor uncertainty results in all
studied cases, mainly in cases in which all instruments are
reflectionless. The differences between the estimates obtained
with the propagation of distributions and those obtained with
the propagation of uncertainties are in general of the same
order of magnitude as the respective standard deviations. The
estimates obtained by the propagation of uncertainties are
always shifted to the right in relation to that obtained by MCS.
These shifts range from 100% of the corresponding standard
deviation for case 1a, to 8.7% for case 3b. For case 4 it is 28.2%
and for case 5 it is 49.8%.

The agreement between the standard deviations of the
output PDFs calculated by MCS with 109 trials and the

244 Metrologia, 45 (2008) 241–248
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Table 3. Results obtained with MCSs and with the law of propagation of uncertainty (LPU1 and LPU2) for the comparison loss in power
meter calibration cases listed in table 1. Columns 2 and 3 show the output estimates determined by the uncertainty propagation (evaluation
of the model at the input estimates) and MCS with 109 trials, respectively. Columns 4 and 5 are the lower and higher endpoints of the
probabilistically symmetric 95% coverage interval determined by MCS. Columns 6 and 7 contain the same information as columns 2 and 3,
expressed as 1 − y, resulting in more palatable numerical values. Column 8 and 9 show the standard uncertainty u(y) values obtained with
the LPU1 and LPU2 models, respectively. Column 10 shows the standard deviations s(y) associated with the output PDFs arisen from
MCS. Columns 11 and 12 report the mean quadratic deviation of the output values, in relation to the estimate y, on the left (sL(y)) and on
the right (sR(y)) sides of the y value, respectively. As discussed further, the standard deviation s(y) may be recovered with formula (10).

1 2 3 4 5 6 7 8 9 10 11 12

Estimate y (1 − y) Standard uncertainty Stand. dev.

LPU1 LPU1

LPU2 MCS ylow yhigh LPU2 MCS LPU1 LPU2 MCS

Dev.
from
mean
sL(y)

Dev.
from
mean
sR(y)

Cases /1 /1 /1 /1 10−7/1 10−7/1 10−7/1 10−7/1 10−7/1 10−7/1 10−7/1

1a 1.000 0000 0.999 9500 0.999 8166 0.999 9997 0 500.1 0.0 500.0 500.0 428.9 257.0
1b 1.000 0000 0.999 9545 0.999 8072 1.000 0138 0 455.0 0.0 548.7 548.7 467.4 287.4
2a 0.999 9000 0.999 8500 0.999 5719 0.999 9904 1 000 1 500.0 1000.0 1118.0 1118.0 909.5 650.2
2b 0.999 9000 0.999 8545 0.999 5603 1.000 0005 1 000 1 455.0 1044.0 1179.4 1179.4 961.0 683.7
3a 0.997 5000 0.997 4500 0.996 3927 0.998 3575 25 000 25 500.0 5000.0 5024.9 5024.9 3690.8 3409.9
3b 0.997 5000 0.997 4545 0.996 3495 0.998 4012 25 000 25 455.0 5219.0 5247.8 5247.8 3859.4 3555.8
4 0.999 8180 0.999 7725 0.999 3899 1.000 0058 1 820 2 275.1 1517.0 1613.0 1613.0 1274.0 989.3
5 0.999 9360 0.999 8720 0.999 5434 1.000 0233 640 1280.1 1046.0 1285.0 1285.0 1067.1 715.9
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Figure 1. Results for case 1: all instruments are reflectionless and
the standard power meter and signal generator have zero
uncertainties (case 1a) or have uncertainty values smaller than one
third of those of the power meter (case 1b). Curves shown are the
PDFs provided by MCS with 109 trials. The output values provided
by MCS and the law of propagation of uncertainties can be seen in
table 3. The vertical lines, from left to right, indicate the 2.5%
endpoints, the estimates and the 97.5% endpoints, respectively.
Solid lines refer to case 1a and broken lines to case 1b. In these cases
the law of propagation of uncertainties presents the worst results:
the estimate value is 1.00. The differences between this value (1.00)
and the values obtained by the MCS, relatively to the respective
standard deviation values (column 10 in table 3), correspond to
100% (case 1a) and 83% (case 1b). The LPU1, in addition, gives an
unphysical uncertainty with zero value for both cases. It is to be
noted that, in case 1b, even the small non-zero uncertainty values
assigned to the reflection parameters of the standard and signal
generation cause the PDF to extend above the unit value.

corresponding combined standard uncertainties calculated by
the LPU2 method is very good, in all cases being better than
3 parts in 105. Notwithstanding this remarkable numerical
agreement, they are in general not good parameters to
express the measurement uncertainty or the coverage interval,
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Figure 2. Results for case 2: standard power meter and signal
generator are reflectionless with zero uncertainties (case 2a) or with
uncertainty values smaller than one third of those of the power meter
(case 2b). Curves shown are the PDFs provided by MCS with 109

trials. The output values provided by MCS and the law of
propagation of uncertainties can be seen in table 3. The vertical
lines, from left to right, indicate the 2.5% endpoints, the estimates
and the 97.5% endpoints, respectively. Solid lines refer to case 2a
and broken lines to case 2b.

especially when the model produces an asymmetric PDF. The
correct and convenient quantities to express the uncertainties
in measurements are the quantities Ul = y − ylow and
Uh = yhigh − y or simply ylow and yhigh

4. Willink [5] noted,

4 Some ambiguity may arise from careless assertions as in GUMS1, table 9,
page 24 [1], in which the standard deviations provided by MCS are listed
under the generic designation of ‘standard uncertainty’. The same ambiguity
may be seen in section 3 of [1] and in section 4 of [7]. In [6] also we may
read, with reference to MCS results: ‘...the PDF of the output quantity, whose
standard deviation can be in turn used to evaluate the standard uncertainty’.
The standard deviation provided by MCS is a convenient quantity merely
for rough comparison purposes with the standard uncertainty (or, better, the
standard deviation—see note 9 in [8]) provided by the law of propagation of
uncertainty.
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Figure 3. Results from MCS and LPU2 approaches for case 3b:
standard power meter and signal generator are reflectionless and
their uncertainties are less than one third of that of the power meter
under calibration. Curves shown are the PDFs provided by MCS
with 109 trials and LPU2. The central vertical lines correspond to
the estimates obtained by MCS (——) and LPU2 model (– – –).
The lateral vertical lines at left and right show the endpoints of the
95% probabilistically symmetric coverage intervals provided by
MCS (——) and LPU2 (– – –). The results from LPU1 model (not
shown) are very close to those of the LPU2 model. This case
presents the best agreement between estimates arising from
uncertainty propagation and MCS (the difference between them is
8.7% of the standard deviation). Due to the relatively large value of
the real part of the reflection parameter m in relation to the
respective stated uncertainty value, the output estimate and all
outputs from MCS are in general far from unity. In this case all
values obtained with MCS are smaller than 1.00, but values above
unity are still perfectly feasible.
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Figure 4. Results from MCS and LPU2 approaches for case 4:
standard power meter and signal generator have similar accuracy.
Curves shown are the PDFs provided by MCS with 109 trials
(unsymmetrical curve) and LPU2 model (normal curve). The
central vertical lines correspond to the estimates obtained by MCS
(——) and LPU2 (– – –). The lateral vertical lines at left and right
mark the endpoints of the 95% probabilistically symmetric coverage
interval provided by MCS (——) and LPU2 (– – –). The PDF
obtained with the MCS presents about 3.2% of points above unity.
As commented in section 5, the results from LPU1 are poorer than
those from LPU2.

by the way, that the 95% coverage intervals that arise from the
GUMS1 recommendations are 95% intervals with a confidence
level of 50%. But we have in fact a worse figure: the
correct percentage is 25%, because we need to consider a
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Figure 5. Results from MCS, LPU1 and LPU2 approaches for case
5: instrument accuracy increases in this order: power meter,
standard power meter and signal generator. Curves shown are the
PDFs provided by MCS with 109 trials (unsymmetrical curve),
LPU1 (lower-peaked normal curve) and LPU2 (higher-peaked
normal curve). The central vertical line corresponds to the value of
the estimate obtained from MCS. Estimates provided for both LPU1
and LPU2 are situated at the coincident values corresponding to the
peaks of the normal curves. The two lateral vertical lines at left and
right mark the endpoints of the 95% probabilistically symmetric
coverage interval provided by MCS. It must be noted that the PDF
obtained with the MCS presents almost 10% of the number of points
above unity, the upper limit value in the GUMS1 treatment.

50% probability of fault in each independently calculated
endpoint.

5.1. Expressing coverage intervals

We propose below a concise way to express the coverage
interval by two independently calculated parameters (Ul =
y−ylow and Uh = yhigh −y) that retain all relevant information
about the uncertainty measurement results. This proposed
form has the advantage of resembling the common way used to
express the uncertainty results when the calculation is made by
the uncertainty propagation method. To avoid ambiguity, it is
necessary to refer if the interval is a probabilistically symmetric
coverage interval or a shortest coverage interval5.

If, from the output PDF provided by MCS, we obtain the
estimate y and the endpoints y

p

low and y
p

high, determined for a
coverage probability p, then the result may be expressed as

Yp = y
+U

p

h

−U
p

l
, (6)

where

U
p

h = y
p

high − y and U
p

l = y − y
p

low. (7)

The final result obtained for case 5, for example, may be
expressed, in this concise way, as

Y95% = 0.999 94+0.000 15
−0.000 33. (8)

In the cases of relatively symmetric output PDFs, the
results may be expressed in the conventional way.

5 If the confidence level γ is to be reported, a more informative form is:

Y
γ
p = y

+U
p
h

−U
p
l

.
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With the use of the MCS method the standard deviation
of the output distribution constitutes a parameter of secondary
importance in the expression of the result of the measurement.
The value corresponding to 1.96 times the standard deviation
s(y) of the output values is of the order of U 0.95

h or U 0.95
l

for a 95% probabilistically symmetric coverage interval. The
difference U 95%

h − U 95%
l increases as the non-linear character

of the model is stronger. The value 1.96 × s(y) will always lie
between U 95%

l and U 95%
h .

It is more convenient and informative to report the mean
quadratic deviations of the output PDF referenced to its
estimate y, sL(y) and sR(y), on the left and on the right
sides of the distribution, respectively, than the proper standard
deviation s(y).

sL(y) =
√√√√ M∑

r=1

(yr − ȳ)2[1 − H(yr − ȳ)], (9a)

sR(y) =
√√√√ M∑

r=1

(yr − ȳ)2H(yr − ȳ), (9b)

where M is the number of trials and H(x) is the Heaviside step
function:

H(z) =
{

1, for z � 0

0, otherwise

}
.

The relative difference between sR(y) and sL(y), [sR(y)−
sL(y)]/s(y), is a measure of the overall asymmetry of the
output PDF. In any case, the standard deviation s(y) of the
distribution may be recovered by

s(y) =
√

s2
L(y) + s2

R(y). (10)

5.2. Validation of the law of propagation of uncertainty

In cases 1a and 1b the comparison accuracy (δ) is 5 × 10−7

for ndig = 2 × 10−6 and 5 × 10−6 for ndig = 1 (see
expression (8), section 7 in [1]). For other cases the comparison
accuracy is 5 × 10−6 for ndig = 2 × 10−5 and 5 × 10−5 for
ndig = 1. As in GUMS1, the quantities |y − ylow − U0.95(y)|
and |yhigh − y − U0.95(y)| were compared with the values of
the comparison accuracy δ obtained in each case. By these
analyses, the application of LPU1 and LPU2 methods to the
model studied (formula (1)) cannot be validated, considering
a 95% coverage interval, in all studied cases, even if we
consider only one significant digit. It is noticeable, on the
basis of figure 3, the fact that the application of the law of
propagation of uncertainties with higher order terms (LPU2)
to case 3b was not validated, when a visual inspection shows a
supposedly reasonably good agreement between the Gaussian
PDF provided by the law of propagation of uncertainties and
the PDF provided by MCS.

6. Conclusions

The use of the complete model (formula (1)) for the comparison
loss problem in microwave power meter calibration, without

any further simplifications, allows any positive value for the
output quantity, since it permits us to treat all cases using
physically meaningful uncertainty values for all reflection
parameters that enter the model.

An inconvenience of the use of the uncertainty propagation
method is that, notwithstanding the degree of non-linearity of
the model, we end up with only a single uncertainty parameter.
This implies that the reported coverage interval is always
symmetric relatively to the output estimate. As a consequence
the interval will be underestimated on one of the two sides
of an asymmetric PDF. This may be a great problem if, for
example, the underestimate lies on the toxic or poisonous side
of a substance concentration. We may have the same case
when shortest coverage intervals are used, as in some examples
of GUMS1. For this reason we advocate the preferential
use of probabilistically symmetric coverage intervals. The
propagation of distributions method provides two independent
quantities, y

p

low and y
p

high (or U
p

l and U
p

h ), that are situated, in
general, not symmetrically in relation to the output estimate.
These two quantities delimit a coverage interval for the
stipulated coverage probability p. This discussion strongly
indicates the convenience to alter the GUM’s name to ‘Guide to
the Expression of Uncertainties in Measurement’, which takes
into account the fact that we have, in general, two independent
parameters to ‘characterizing the dispersion of the quantity
values’ in the expression of the measurement result. Some
measurement models may be degenerate in the sense that their
resulting uncertainty parameters are symmetrically situated in
relation to the estimate. These degenerate models include all
(not only) linear models. Our proposed formula (6) constitutes
a concise form to relate these uncertainties.

The application of the law of propagation of uncertainties
(GUMS1 refers to ‘uncertainty’) to the comparison loss
problem using a first-order approximation, or using up to
second-order approximation, was not validated even for the
more rigorous model studied in this work. This is noteworthy
since the complete model we used provides six non-trivial
input parameters, each with its respective uncertainty value.
We should expect then that it fulfilled the hypotheses for the
applicability of the central limit theorem. The application of
LPU1 and LPU2 models, however, was not validated in any
case, even for only one significant digit.

It should also be convenient to include, among the
recommendations for ‘validation of results’ (validation of the
GUM framework) in GUMS1, a topic about the necessity
of a procedure for comparison between the output estimates
provided by the law of propagation of uncertainties and by the
MCS. Another problematic question relative to the validation
procedure arises when it is made with a small number of trials,
in which case the ‘validation’ would not be robust.
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